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Abstract 

The general multi-soliton solution of the integrable coupled nonlinear 
Schrodinger equation (NLS) of Manakov type is investigated by using Zakha- 
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using inverse scattering method of ZS scheme. Elastic and inelastic collision 
of A^-solitons solution of the equation are also discussed. 
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I. Introduction 



The integrable coupled nonlinear Schrodinger equation of Manakov type 
is widely used in recent developments in the field of optical solitons in fibers. 
The use and applications of the equation is to explain how the solitons waves 
transmit in optical fiber, what happens when the interaction among optical 
solitons influences directly the capacity and quality of communication and 
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soon. 



Some of exact solutions have been derived for the system related to the 
Manakov type equation with various methods. Here, we will investigate 
the general solution of the following equation which is closely related to the 
Manakov type equation: 

(a + S) / 2 i2\ 

m. + -^Y^^q2u + 2ii(\qif + \q2f)q2 = 0, (1.1) 
a[a — 0) ^ ' 

where q\ and qi are slowly varying envelopes of the two interacting optical 
modes, the variables x and t are the normalized distance and time, and a 
and (5 are arbitrary real values which obey 5 and a ^ —S. On the other 
hand, parameter /j, is defined as follows 

which is confirmed in section II. 

Recently, in Ref.ll, Radhakrishnan and Lakshmanan have derived the 
bright and dark multi-soliton solution of the related system in eq.(l.l) us- 
ing Hirota method. However in this paper, we will investigate and provide 
another method to solve the related problem using Zakharov-Shabat inverse 
scattering method. We show that it is possible when the Zakharov-Shabat 
(ZS) scheme (in its final form) is expressed solely in terms of certain opera- 
tors. Based on the choice of the operator, we find that there is a multi-soliton 
solution of eq.(l.l). We also find that there is an elastic and inelastic collision 
of the bright and dark multi-soliton. 

This paper is organized as follows. In section II, we will perform the ZS 
scheme for eq.(l.l) and the arbitrary real parameter fi (cq.(1.2)). In section 
HI, we will solve the bright and dark multi-soliton solution. We will compare 
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the bright one and two sohton solution with the results in Ref.8 and Ref.lO. 
Section IV is devoted for discussions and conclusions. In this section, we also 
state that there must be an integrable vector NLS system. 



II. ZS Scheme for the Integrable Coupled NLS Equa- 
tion of Manakov Type 

We start by choosing the following two operators related to Zakharov- 
Shabat (ZS) scheme 

and 

I a \ o 

where a, (5 and 7 are arbitrary real values, and / is the 3x3 unit matrix. 
We can then define the following operators by using this scheme related to 
inverse scattering techniques'^" 

A^') = aJ'^ + U {t, x) , (2.2a) 

and 

A(2) = aS,')+ V{t,x). (2.2b) 
Here operators A^'^\{i = 1,2) satisfy the following equation 

A« (/ + $+) = (/ + $+) aE,'\ (2.3) 

where the Volterra integral operators $± are defined according to equa- 
tion 

$±(^) = / k±{t,z)i;{z)dz. (2.4) 
—00 

We now suppose that operators $f {i/j) and $± (ip) related to the fol- 
lowing operator identity 

(/ + *+) (/ + ^f) = (/ + *_) , (2.5) 
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where the integral operator {'^) is 

oo 

= / F(t,z)iP{z)dz. 



(2.6) 



Both k+ and F in eq.(2.4) and (2.6) are the 3x3 matrices chosen as follows 



/ a {t, z; x) 



qi {t, z; x] 



±5* {t, z; x) d {t, z; x) 



q2{t,z;x) \ 
e {t, z; x) 



\ ±q2it,z;x) f{t,z;x) git,z;x) j 



(2.7a) 



and 



F = 



/ 

A* (t, z; x) 
\ B*{t,z;x) 



An {t, z; x) Bn {t, z; x) \ 













(2.7b) 



J 



Here a, qi, q2, ^ql, i?!; ^) /> 9^ ^n, A^, and B* arc parameters which 
will be calculated in section III. 

In eq.(2.5), we have assumed that (/ + $+) is invertible, then 

(/ + $^) = (/ + $+)-^ (J + $_) , (2.8) 

so that operator (/ + $^) is factorisable. Prom eq.(2.5), we derive Marchenko 
matrix equations, 

oo 

k+ {t, z;x)+ F {t, z;x) + j k+ {t, t'; x) F (t\ z] x) dt' = 0, for z > t , 

(2.9a) 

and 

oo 

/c_ (t, z-x) = F [t, z-x) + j k+ {t, t'] x) F {t', z] x) dt' , for z < t. (2.9b) 

t 

In eq.(2.96), k- is obviously defined in terms of k+ andF . Both eq.(2.9a) and 
(2.96) require F, and F is supphed by the solution of equations : 



and 



0, 



(2.10a) 
(2.10b) 
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After a little algebraic manipulation, we get 

laF^ + F,, - Ftt = 0, 



(2.11a) 



and 



^ a 


V 





p 





\ 


7 / 



Ft + F, 



^ a 


V 





p 





\ 


7 / 



= 0, (2.11b) 



where F^ = §,F, = f , etc. 

U (t, a;)and V^(t, a;)can be found by solving eq.(2.3)in which we have 
substituted eq.(2.7a) and (2.4) (for A;+)to that equation: 



Vit,x) 



(a-p) qi 

±{p-a) ql 
±{l-a)ql (7-/3)/ 



(a - t) 12 
{P-l)e 




(2.12a) 



and 



U {t, x) 



-2k. 



+t 



I at 

Ml 
\ Ml 



(lit 
dt 

ft 



Based on the solution of equation A^^^ (/ + $+) 
that A;+ (t, z] x) must obey the following equation: 




^ a 


V 





p 





+ 



\ 


7 / 




a 



( 



V 





p 





\ 


7 / 



(a - p) qi {a - 7) q2 

±{P-a)ql iP-l)e 

V ±{l-a)q* {l-P)f 

and if we evaluate this eq.(2.13) on z — we find 



A;+ = 



(2.13) 



at = =F- 
a 



dt 



1 

1 



(a-P) I qi 1^ +(q;-7) jgaT 
iP - ^) ef ± iP - a) \q,f^ 
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(2.14a) 
(2.14b) 



et = 


1 


[(/? 


-7)e^±(/3- 




/* = 


1 

7 


[(7 


/d±(7- 


a) g^^i] , 


9t = 


1 
7 


;(7 


e/±(7- 


a) \q2\^ 



(2.14c) 
(2.14d) 
(2.14e) 



After substituting the above equations into eq.(2.126) and eq.(2.2a),we find 
the following equation 



d 



I 



la 



dx dt"^ 



at 



(lit 

dt 

ft 



12, 

e* 
9t 



(2.15) 



On the other hand, by substituting eq.(2.12a) intoeq. (2.26), we get 
A(2) = 



a 













7 



d_ 
dt 







{a - (3) qi 
+ 1 ±{P-a)ql 

±(7-«)g2* (7-/?)/ 



{a - 7) q2 
(/?-7)e 




Since A^^^ commutes with A*^^^ , 

{a + 13) . . / 1 



a {a — (3) 

(« + /?) 
(«-/3) 



a 



g2« ±2 



{a — (3) 
' 1 ' 
(a — 0) 



([^1 1 r+^2k2|'] gi + <3i) 

( 6*3 I ^1 r +^4 1^21^ 92 + (52 



(2.16) 

= 

= 0, 
(2.17a) 



and its complex conjugate 

(« + /?) 



■ * I 

-*?2. + 



a (a — /9) 
(g + Zj) 
a (a — /?) 



* I 



q; (a — /?) 



^^5|gir+^6k2|']g! + gi) = 



+ = 0, 

(2.17b) 
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where 



ap 



[a + /?)(«- (5y 



0. ^ ± 

1 



7 (a — /9) (a — 7) + a (a — 7)' 



^3 = — . 

^6 



/3 (a — /9) (a — 7) + a (q; — (3y 

1 r 21 
^ — (a + 7) (a - 7) , 
q;7 l J 

[(« + /?) («-/?) («-7)], 



a/? 

1 

^[(q; + 7) (a -7)], 

(/9-7) 



(2.18a) 
(2.18b) 
(2.18c) 
(2.18d) 
(2.18e) 
(2.18f) 



/5 



e/gi + (7 - /?) /g2. - ^) /rfg2 
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(2.18g) 



<52 



(«-7)(7-/3) , ^ (a-/3) (/3-7) 

— e/g2 + (/3 - 7) egi« ^ e^gi 
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/3 



7 



e — f* and d = — g*. 



(2.18h) 
(2.18i) 



If we put parameters /3 = 7 = (5 (where 5 is an arbitrary real parameter) into 
the above equations and then substitute the results into eq.(2.17a) and (2.176), 
we find 



i<l2, + 



a{a — 0) 

{a + 5) 



a{a — 6) 
and its complex conjugate 



+ 2fx 


1 |2 1 1 |2' 

1 gi 1 + ml 




= 




+ 2fx 


1 |2 1 1 |2' 

1 gi 1 + ml 


<12 


= 0, 


(2.19a) 



- + 

• * I 

-^g2. + 



a {a — 5) 



ml + 152 1 



a {a — 5) 



51 

* 

Q2 




0. 



(2.19b) 



Here parameter //is an arbitrary real value which has been defined in eq.(1.2). 
It is obvious that eq.(2.19a) and (2.196) are the general form of the integrable 
coupled nonlinear Schrodinger equation of Manakov type (eq.(l.l)) and its 
complex conjugate. We note that the functions Qi and Q2 in eq.(2.17a) and 
its complex conjugates in eq.(2.176) are the perturbative terms (inhomoge- 
neous terms) for arbitrary a, f3 and 7. 



III. The Bright and Dark Multi-Soliton Solution 



We consider a general matrix function F in eq.(2.76) and substitute it into 
eq.(2.11a), we find four differential equations 



iOiAn^ + -Afizz ^ntt — 0, 



iaA* +A* 



r 

ntt 



Al.. = 0, 



laBl + - B* 

fix '''zz iHt 



0. 



(3.1a) 
(3.1b) 
(3.1c) 
(3.1d) 



The solution of the above equations can be derived by using separable vari- 
able method. We then find 



(3.2a) 
(3.2b) 
(3.2c) 
(3.2d) 



where A„(, , A*^^, and-B*^^ are arbitrary complex parameters. 

To get the final solution of the integrable coupled NLS equation of 
Manakov type, we have to substitute the equations (2.7b), (3.2a), (3.26), 
(3.2c) and {3.2d) into Marchenko matrix equation (eq.(2.9a)). We get (for 
a, gi, and 52) 





N 
n=l 








Bn {t, z; x) 


N 

n=l 

N 

n=l 
N 

n=l 










-SanZ 




-a-^)a;) 


B* (t, z; x) 


-Sa„z 


g(Tn(o;t+io-„(<5^ 


-a2)x)" 
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and 



N y 2 

n=l { 



^2 



N °° 2 




N 2 


a —0 la; 


n=l 






N 2 




n=l 


AT °° 2 
n=l 





(3.3a) 



The final solution is work on 2; = t. Hence, by substituting eq.(3.3a) to 
eq.(3.36) and eq.(3.3c) we find the solution (for n = 1, 2, A^): 



1 + 



M(i^"or+i-S"or) 



^p„(<5-a)t-j^(52-a2)x -an(5-a)t+i^(52_a2)x 



(3.4a) 



and 



?2 



1 + 



^p„(5-a)t-i^(52-a2)a;^a„(d--a)t+i^(52-a2)a 



(3.4b) 



We define 
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and 
where 



Vn = kn{t + iknix) , (3.5a) 

< -Kit- zk*Jx) , (3.5b) 

kn ^ {S- a) p„ , (3.5c) 

K = -{^ -Oi)crn , (3.5d) 

'^2 r2\ 1/2 , . 
CK — \ / 1 



and 



a(5 — a)^ 

Here p„ and cr„ are arbitrary complex parameters and p* = — 
Now Qi and 52 can be rewritten as 



and 



AT _ n 



where 



(3.5f) 



n=l 



(rfcn + tA;*)^ 

Based on our solution in eq.(3.6a) and (3.66), we can see that our results are 
the bright and dark multi-sohton solution since /x = ± "^7^ .The results of 
giand §2 show that there are an collision of the bright and dark multi-soliton. 
If we choose parameter ( ( a{a-5) ) > then we get the bright A^-soliton 
solution. On the other hand, the dark 7V-soliton solution is found when 
{,i, a{a-S) ) ^) ^ ■ equations, there are only four arbitrary complex 

parameters , B^q, p„ and (T„ which can directly influence the phase of 
the solitons interaction. The results of qi and q2 can also be rewritten in the 
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more conventional form by introducing p„ — In + i^n (where and A„ are 
arbitrary real parameters), 



N 



|2 I |2 



cxp (^i (5 — a) Xnt + ^(S — a) (j,'^ — A^) x 



J 



n=l 



cosh [{S - a) In (t -2^(5 - a) XnX ) + 



(3.8) 



and 



N 



1/2 \ 



Q2 



y a J 'i^iQ 



exp {i {5 - a) [Xnt + ^{S-a) (/^ - A^) x\) 



n=l 



cosh [{S - a) In {t - 2^{S - a) XnX ) + 
where v?„ is a real multi-soliton phase, 



2" 

and the amplitudes of the multi-soliton are 



(3.9) 
(3.10) 



/"(l^nol^ + |-S„o|^) 



Amp^ — 



and 



Amp^ 



(3.11a) 



(3.11b) 



(l^nol^ + l^nol^) 

Parameter A„ contributes to the velocities of the multi-soliton.^^ 

The results derived above have contributed on the obtaining a general 
form of an exact real parameter fj, and have also shown that there is a general 
multi-sohton solution of the integrable coupled NLS eq. of Manakov type 
(eq.(l.l)). 

Based on our results in eq.(3.6a) and (3.6b), the bright A^-sohtons so- 
lution (for A*) > 0) can be reduced to the bright one and two 
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soliton solutions related to that in the works that have been done before 
by Radhakrishnan, et. al. using Hirota method in Ref.lO. According to 
the comparison of both methods, their results of the bright one soliton solu- 
tionis equal to our results when a e'^i = — Ai^, , Pe'^^ = —Bi^ , ^^fl-^ = 1, 
e = 1, r = 1, fci = (S-o){h + iXi),^i = and(|a|2 + |/?|2) = 

(^IAiqI^ + I -Bio I ^) • other hand, their results of the inelastic collision of 

the bright two soliton can be reduced to our elastic collision of the solution 
if we put ai : a2 — Pi in their result. 

We can also compare our results with the results in Ref.8. We find that 
our result and the Shchesnovich result are the same when x = |,2//=l,a; = 
z, t = T, n = land \6if + |^2|^ = l^iol^ + l-^iol^ = 1-So, we can generalize 
that our result is the solution of the bright and dark multi-soliton collisions. 

IV. Discussions and Conclusions 

We have presented a general form of the bright and dark multi-soliton 
solution of the integrable coupled NLS equation of Manakov type using the 
inverse scattering Zakharov-Shabat scheme. We can conclude that the solu- 
tion of the Manakov type can be solved by using an expanded inverse scat- 
tering Zakharov-Shabat scheme in which we have chosen a certain operator 
in eq.(2.1), and a certain k+ (eq.(2.7a)) and F (eq.(2.76)) in our solution. 

Finally, we find the novel result provided in Ref.9 and the results of the 
use of Hirota method in Ref.lO and Rev. 11 that the solution in eq.(3.6a) and 
(3.66) corresponds to an elastic collision of the bright and dark multi-soliton, 
as long as Ai^ : : ... : A^Vq is equal to : i?2o '■ ■■■ '■ B^^. If in our 
results, : ^420 : ... : Ajsf^ ^ Bi^ : i?2o : ... : B^^, then we get an inelastic 
collision of the bright and dark multi-solitons. Prom the eq.(3.8) and eq.(3.9), 
we can also conclude that although the collision between the bright and dark 
multi-solitons their velocities and amplitudes or intensities do not change, 
their phases do change. 

According to the comparison between our bright one and two soliton so- 
lution of the integrable coupled NLS equation of Manakov type and the 
solution provided by Radhakrishnan, R., et.al., we get that their inelas- 
tic collision of the bright two-soliton solution can be our elastic collision so- 
lution, if some certain parameters in the results are omitted by putting 
ai : a2 = Pi /32- In our results, the parameter expfry^"-*^ appeared in Ref.lO 
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has been absorbed into and B^^. Based on our results, we propose that 
there must be an integrable m-tupled (vector) multi-sohtons solution of the 
following equation:"^'^^'^'' 

(d m \ 

^^+X^ + 2/xI^k6| J Qc = 0, c= l,2,...,m, 

where x ^-^id /x are arbitrary real parameters. We also propose that there 
must be an elastic and inelastic collision of the bright and dark multi-soliton 
in this system.^''' 
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